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1. Your Free Samples of FRACTRAN.
N
To play the raction game comesponding to 3 gven list
Sty ife
of fractions and saring intger N . you repeatedly muliply the integer
you have at any stage (incially N ) by the carliest £ in the ls for which
the answer i inegral. Whenever thre s 10 such f, the game stops.
(Formally, we define the sequence (Ny) by No=N. Npuy =fN,
where i (1S54 s th last § for wich Ny i inegral, s long a9
suchan { exists)

Theorem 1:  When PRIMEGAME:

78 1 L1315 18
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s started at 2, the oher powers of 2 that appear, namely,

2.2,2,2,21,29,27,25,28,2%,

are precisely those whose indices ar the prime numbers, in order of mag-



Theorem 2: When PIGAME:

4517 110 305 23 73 61 37 19 89 41 83 5

TS ® © 19 7371 6 6l 9 5T 5 41 43

-lz

4 1

438 37 31 29 19 17 13 291 7 11 1028 97

s stared st 2%, he next power of 2 0 appea is 2%, where for
W= 012345678910111213 1615161718 19 20 .

M=31415926535 8979323846

For an arbitrary natural number ., () is the b digit after the
point in the decimal expasion of the nurmber
Theorem 3: Define /) = m if POLYGAME:

583 620 4y 82 615 3L 53 & 23 341

SS9 SS1 527 517 329 129 115 86 53 47 46

a9 29 31 3 20 &7 060 2 159 4 11
WA AN B As 19 7 T3

when staried at 27", stops at 2%, and otherwise leave /,(n) undefincd.
Thea every computabe function appears among fo. /1. /o

2. The Catalogue.

We remark that the “catalogue sumbers” ¢ are casily compuied for
some quite interesting functions. Table 1 and is notes give , for any ¢
Whose largest odd divisor i Jessthan 210 = 1024,




“Tale 1. The Catalogue

B AN efined values of £,
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1 non

2 01

4 052

8 152 In this Table,

We also have

Sl

Son=tp Sy =S
trc=tn Sy =hun'
Too=fin k=0 or f (>0
o= tiss ®=0) o1 S k>0);
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s any 024 not v
B i 13913172739455181105,11517,135.145,153155,
161,169,185,195,203,205,217.221,235.243,259.287 289,315,
529,345,351,405,435.459 465 483,507,555,585 609,615,651,
663,705,729,771861.945.975. 9871017, ..
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Figure 1 gives a ¢ for which £(n) s the sbove function (n)
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Figure 1. The constant .




3. Avold Brand X.
Works that develop the theory of effective computation ar often wit-

of this theory. Any effecive enumeraton of the compuiable functions is
probably complicaied enough to spread over a chapter, and we might read
that“of course the explict computaton of th index rumber for any func-
tion of interest s totally impracticable.” Many of these defects stem from
& bad choice of the uaderlying computatonal model.
Here we take the view that it is precisely because the paricular

uiniona modl bas w0 et loical e that i sould be caculy

chown The ol poses il b e more cat e ey ot
e o b demanged by e e o sy progrm

vkt gaag, and we cun e "l e hory 5 wider st
by giving simple and striking examples explicidy. (It i for associated
reasons that we use the casily comprebended term “computable function”
52 synonym for the usoal "partial recursive function.”)

4. Only FRACTRAN Has These Star Qualitis.

FRACTRAN is a simple theoreical programming langusge for arch-
metic that has none of the defects described sbove.

* Makes workday really easy!

FRACTRAN needs no complicaied programming manual - is entire
syntax can be leamed in 10 seconds, and programs for quite complicaied
and interesting funcrions can be wricen almost a1 once.

* Gets those funcrions really clean!

The entie configuration of a FRACTRAN machine at any insant is
el e s - e o 0 ey e o ot forign
ceps to be undersood by the fledglng programimer



. Matches any machine on the marker!

‘Your old machioes (Tum:l. etc) can quit easily be made o simulate
arbitcary FRACTRAN programs, and it s usualy even essie (0 wite &
FRACTRAN pogrm sl b rchines.

. Astoundingly simple univrsal program!

By making a FRACTRAN program tha simulaies an arbirary other
FRACTRAN program, we bave obuined the simple universal FRAC
TRAN program described in Theorem 3.

5. Your PRIMEGAME Guarantee!
4 pity 1o remove some of the
rograns such s PRIMEGANE. Howerer, 8 el uid 01 0t A
mathematician is a conjues who gives away his secrts,” so we'll now
prove Theorem 1
To help in Figure 2, we have labeled the fractions:

4 B C D EF G H I J K L MDA
s

[
I3
[4
2
=

a0 we note that AB

We let n and d be mmbes wih O<d<n and wre
d+r (OSr<d). Figwe 2 ilusimies te action of PRIME-
GAME on the number 5 713, We see that this leads to 57 13 or
S™17%13 acconding as d does or does not divide n. Morcover, the
Oaly case when a power of 2 arises is s the number 27 74 when d = 1




Figure 2. The action of PRIMEGAME.

It follows that when the game is staned at 5" 7% 13, i tess all
numbers from n-1 down to | untl it st finds a divisor of n, and then
contnues with n increased by 1. In the process, it passs through a powe
of 2% of 2 anly when the largest divisor o that is less than n is d = 1 ,
or in other words, only when s prime.
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& FRACTRAN - Your Fre Introductory Ot
A TRACTRAN o may v s it s, i
o i b o
B
P ———
2t i s s g, 2 e S 7. 112 ¢ ek

e, b i, s it st N by S, g b e
:

T

More generally, a FRACTRAN program line has the form

18, 1f neiher

oo il o B
e

e action of the macine o i e i o plce N by 2 o e

least i (1SESH) for which

v i itegral, ad then go 10 line o,
€n0 2N s imegrl 1o sop T . (A T with £ 0 is pemiced
ma‘m,.nmsumw«u

CTRAN program . has lines s called
FRACTR AN o e oo e suenion st 4 1
tmm\k)umpadmmm-n

L ine. (Sensible programs will conain

st most one 3-line, he il e )

We wite




tine 1221 By By
Wy O

We shall see tha very FRACTRAN progran can be siulued by a
FRACTRANI program which st a  siable malipe of e orignl
Saring sumber, Wit 8 FRACTRAN-L program, e can ke this

Note hat the FRACTRAN-1. program

LYY ERyA)
started at N, simalaes the FRACTRAN-1 program

Uih o f)
suried st m¥.
We shall wsually suppose tacily that our FRACTRAN programs are
only applid to working numbers N whose prime divisors appear among
the factors of the numerators and denominatos of the fractions menioned.



Begianers' Guide to FRACTRAN Programming.

1 good practce 1 write FRACTRAN programs as flowcharts, with
a node for cach program line and amows between these nodes marked
with the appropiat fractons. We use the differet syles of arowhead

for e opions withdecreasingprocis from a iven node, and fsevers

options with fractions 1, g, h at a node have adjacent priorites, we ofien
amalgamate them o a single artow:

sger

“The different primes that arise in the mumerstors and depominaiors of
the various fractions may be regarded us storage regisiers, and in 4 state in
which the current working integer s

Nep P,

we say that
registes 2 halds a. or
regitee 3 balds b, or
regisier S holds ¢, or
regiter 7 halds 4, or

FRACTRAN program lioes are then rogarded as instnuctons to.
Change the conents of these registers by various small amouni, subject o
the overriding requiremens that o register may cver contain & negative
umber. Thos the line

2 s
e 13:3 7 o1
cither replaces by 1. ry by ry-1 (i 1y>0)
o replaces by n+2.rg by rs-1 (i r5>0)
o ops G ry=rg=0),
1.



(Readers. familiar with Minsky's register machines will see that FRAC-
TRAN can ivially simulate them.)

he program

O

is 4 destructive adder: when staried wilh ry=a, r, = b, it siops with
ra=a+b.ry=0. We can make it less desuctive by using regisir S 35
working space: the program

3
T

when saried wilh r;=a. ry=b. ry=0, siops with r=a+h,

By repeated addition, we can perform multplication: te program

0 5

LO)F T

et vt 1. 1y, rg=O. rys e ops Wik ry=as e,
ryer0. We add o 1 Coear 3) a0 the
aringfiising node 4 formalae e sl 5 3n oficil FRACTRAN

program:

e
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When stated a line 1 with N = 30 7, it stops at ne 1, with N = 2%
The program obiained by preceding this one by a new
2 1
w020 Lo,

when started t ine O with N = 2, stops at lne 1 with

5. How to Use the FRACTRAN-1 Model.
You can use  FRACTRAN-1 machine (0 simolate arbiary FRAC-

and devominators of any of ts fractions. The FRACTRAN-1 program
simulaes

e P &
by o fracions

@ & s

W
it . 1 the FRACTRANO rogram when s ith N i st
P stops wih M i T 0, e simulating FRACTRAN-1 prgran when
Saredu P siops 31 QM

ot . O o s il e e

FRACTRAN-I machine i this way 1o simultc a FRACTRAN pros
et s oy vl i, Sk gy bt g
s oo,

s



“The thind of our examples

when each of the two nodes with a loop is spli i this way, and the new
nodes are labeled with the primes 11, 13, 17, 19, 23 Accordingly, it is
simulsted by the FRACTRAN-1 program

(BB e,
TR BT ED

I suned wih N=20307C1 progrm  sops with
N=2% 3 11 (The factors of 11 hre comepond to the sarin and
stopping states o the simolated machie.)

We note hat it i permissive 1o abl on of the saies with e
sumber 1, rather G a lage prime sumber. Th fracions corsponding
10 ransiions from i ste hovld b placed (i her proper o) at the
end of the FRACTRAN-1 program. If i i done, loos, provided ey
Have lower priocly tan ay oter transion, e permitcd o node 1. Thur
e FRACTRAN- program




s 13 e Ly
ER R A

e e prviows pogram i kop oner . adined ¢ he

ing/sppin node, which s b bl 1. Thi rogram, saned
a7, stops ar 2

A given FRACTRAN program can shays e clered of loops and
ot s0 that 1 in s ouly opping mode. 1 fllows ta we can i
T by 3 FRACTRAN-1 progrm i st PN nd sips ¢ M when
ol progra sard N and spped s M . As e remarked i
Sction , we can sl this by s FRACTRAN-LL program

L
which stats N and stops st M

9. Your PIGAME Guarantee.
We now prove Theorem 2, which is equivalent 1o the assertion that

e program
2

(365 29

W 6

(ciind by irin ors f 9 nd doppin e ol ctin. 2 o
PIGAME), when started at 2* - §9, stops at 2% This FRACTRAN-1
o b e hie o e FRACTRAN progr of i by
o mebd culined i e s scin. Thepi of e 1.8 3,9 &
705 875,38 6, 43 & 53 e el snge s wih
oo

We shall oaly skeich the acton of this program, which we separate
into thrce phases. The fist phase ends when the program first reaches
Pode 37, the sccond phise when it st reaches node 41, and the third
Phse when i finally stops, at node 1

a7



Figure 3. A FRACTRAN program for digits of % .
The fist phase, sared at 89 with egisier contents
reaches 37 with contents

==

"

R0 n=L = =200 =0,
Where E s very large even number. To see his,ignoe e $ and 11
egisers for  momen, and sce that i nally st r; = 2. Then each
pass around the tisngulr regon multiples r, by § aad puts it o 7y
end i fllowed by pases around the square region which doube 7 and
put i back ino . Thi s done 1 time, s that st the end.of s phase
e Bave 7y =2 10%, s desired.

The st pess aound the square ends with 4 in . and each subc-
quene pass at s doubles thismumer, while keeping it even. AL the last
sage we puss around this egion 10° times and fsh with an even
number E2 4 x 27 in 7y Is asy o check that regisiers 2,3, and 11
end with the indicaed

At the e ofthe second phas, we shll have




ners=r,

£y =2 10° x EUE-IXE-DXEANEAXE) - 4-4-2-2 8N

X (E-1XE-IXE-3NE-3XE-SHE-S) -~ 5-3-3- 14D

™

‘s is fary easy 1o chck, he essential poit being that each sojoum
in the pper region malipiis by 7s and puts it oy (presering the
vale of 7 but claring ), whik in e lower region, we muliply
1y by 7y oo in . similr way, and then (at e ) tanser ry back
17y, Regiser i decreased by 1 a3 we pass from the pper o the ower
egion: but when 4 = 1 we instead cler it snd pass 10 node 41, entring
e third

Now Wl product s

i hic thesucosiv frctons s chind by ety ncrasin e
dcnaioao 1 rcsro, 1 we et 1150 caly o el sl
1o vhoe mamecror st denomine e 4 s K5 we Shin w1
g . for % which s it a1 most % of % So 0w
X

0. e g . vy g st e 5. 1
it 0 gt e i of g e 1 o of .
s it i b s by g o et of . 10,
ey o chck e i s f g s s,
i e e e s sl

e o st e s i o 5 1 vl For
120 i 0 - 3 B m 1 o 2, e v
ax2®

1
xe-xl< s tess than —L and sioce x = 3.
1% - x| which s fes than o und 3141

15



e i digis (= 1 320 2 sher the deciml pont in v st both b
For > 3. the e in 2 at most
= L 2 g
e alt
4x 2 (1000)""
e desird asetion now fllows from Mablr's (4] famous i
oraly meaur o . 2 G et tcrms) s an sl il
e, hen

-2
L5

10. How to Use Our niversal Program.
I tissection, we prove Theorem 3, sing an ingenious lenma due 10

Jobn Rickard. We shallcall  FRACTRAN-1 progam (/i f. -1y}

monotone i fy<fy<fy<--<fy

Lemma; Any FRACTRAN-1 program can be simulaad by  monsione

one hs sarts andsops wih the same mumbers.

Choose  new prime P hat s bigger han the rato between any
wo of e £, wd bgger tan e fvere of any f. Then
LB P Py P simlaies (i fy s fy) wnd s
monotone. The new program behaves excrly ke the ol on, exept that
at cach step 3 power of P is inroduced, only 1o be immedivcly clared
away befoe we copy the next sy

We shll call 1 FRACTRAN-14 program

L5 AT N A |

monotone if
fichi< o <f wdfi<he<<h




Then our wniversal program simulates monotone FRACTRAN-1

7
programs. It codes such a program by thace mumbers, M" . M ,and d ,
defived a3 follows.

We take d 10 be any common denominatr of al the fractons men
tioned and suppose th given FRACTRAN-11 program is

oo ..
momo oy LDy
Cr R R B

‘We then adjoin dumny numbers my and ;. which are both mul-
Gples of 4 1nd which satisty
M < ey <y <

1
FMIsH

M=
Me2are g2

The universal program POLYGAME, sared at
2P g gy

will simulate the given FRACTRAN-12 program, suried at N . This
universal FRACTRAN-1 program was obiained from the FRACTRAN
program shown in Figure 4, and accordingly, we consider strting the
atter with 7y = N, ry = M, rg = M", iy = d-1 . a the node 23

“This works roughly as follows. After a new N has been found, the
program computes successive muliipes N, 2, 3V, .., m, and simul.
ancously epeatediy halves M 1o get [ MI21, (M4 ][ M2 ). I
(M) is 000 so that mis one of the m, ., i sees whether N is 3
multiple of d , and if so resets M and takes & new N = mNid . unless
m was myyy e [ MI2" | = 1), when it amanges to stop ai node 1 with

2




register 2 contining N and all odher registers empty. For the fire pass,
uses M" in place of M.

Figure 4. A flowchar for POLYGAME.

Registers 13, 17, 19 function as a counter, whose count s stored in 3
form from which we can see at once if it s & mulipke of d . If
L rp=d=1-r, wib 0Sr<d,

then the count s the number gd + 7 . If the machine amives a ode 31
(entes the counter’) with these values, then when it next amives at node
we shall have

SN, i red

*lorp=d-

. rp=d=1, i r=d

In other words,the value of the count will have increased by 1
S0 if the machine is sated at 23, wih 7g = ry = 0 and ry = N, it will
increase the count by N while transfering N from regiser 2 1o regisier
11, 30 then go to node 47 (where ks first action will be (o retanstes
register 11 back to register ).
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After these remarks, the reader should have lice difculy in verfying the
transitons between particula confgurations shown in Tab

We suppose that o pasicular posiive numbers d, N, M , and My
with (4 My <M we define for varying values of m the mumbers

2
My 7 by

M= (M2 )

ANz Gudry OSry<d.

Then Table 2 shows that unless M,, s 0dd and , = 0, the special

of configuration in the first lne of the b leads to & similar one (in
the it Hine) with . increased by 1. In the excepted case, if My # 0.,
‘we obtain another such special configuration (in the severth line), but with
m(and the coun) reset 10 0, the new initial value My = M for My, and

X e i oy w0, v o o

the able, and stop at node 1, with N in register 2 and all other egisiers:
empty. The cases with My, odd a0d r, = 0 are called resets.

cuppose we start the machine in the special configuraton in the
1o line of the table, with m = 0, and the inital value My of My, set o the
number

EalT SRS
where

mo<my < <y
and my,y is divisible by d . Then before the next reset, we have the
equivalences
M, 081 o= m is one of the m,

= mVd is an ieger
0 mim

Mot

the next reset will be at the frst of the m for which m Nid is

integral. and il cither
2



eplce N by m N, and st m 10050 My to M G 1< £ ),
orsap amode 1 with V. i regitr 2 the est cnty = 6
This compltes the requied verifcton. Iniily, we et m = 0 snd
Mo M. bt - subqent esets il put Mo = M, in ccordance with
he s for FRACTRAN-1. progras.

A FRACTRAN-L program is 5 FRACTRAN-LY pogrm i
M=M'. For this we can use the akemate camlogue number
M Al

11, Applications, Improvements, Acknowledgments.

o e i
P F S
Wt oo,
s Coll roblem ks whtherfo vy posive g N thers i
ko which 700 1 e ) for & ey of i probiem
We can ask similar questions for more general Collatz functions
0o N by

Where g and by ar raionsl numbers that only depend on the value of
N moduio some fxed umber D . We proved in (1) tht there is no
lgorithm fo soving arbivary Collaz poblens. Tnded. for any comput
e function i), there is & FRACTRAN-1 program U1/~ /] with
8 roperty thas when we siar it a1 2* . the it suicly e power of 2
will be 2/, I ather words, we can defne / by
M= g,

here ki the smallst postive ntger for which g4 (2) i # power of
2. and the function g(N) . which has the ahove form, s just £, for the
Jess i which makes his an neger. This eslt s an explict version of
Kieene's Normal Form Theorem.




‘We note that g(NYN is a periodic function with rational values, so.
it gAY s  Collt functin for which by i heays 0. So ven for Co-
Iz functions of this spcial type there can be no decision procedure. By
spplying the argument o 4 uiversal faction game, ve can get & particu
L Colltz type problem with o decision procdure

We remack that of course Colliz provems with abiary by arc
hander © slve, rather than caie. We might for instance, define e that

imulses 3 program writen in 10 segmens, cach segment usig only the
numbers cnding i 3 given decimal digt, and in which conrol is
nsfered berween the segments only 4 cenin crcial-and recursively
unpredicaletimes)

John Rickard tells me that he has found 3 seven rcton wniveral
pogam of wpe 2 -c 2% and 4 nine fmcton wme of tye
2% 5 2/ However, it seems that his fractions are much 100 compli-
cated ever o be witen down. 1 used one of Rickar's deas in Secion
10, Mike Guy gave valable hlp in computing the caalogue numbers in
Section 2. Of coune, the esponsibily for any erors i these mumbers
ress el with him
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