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Table II. Relation of Operating Characteristics and Equations

Symbol In Terms of Operation In Terms of Nonoperation
X The switch or relay X is operated The switch or relay X is not operated
= If If
X’ The switch or relay X is not operated The switch or relay X is operated
Or And
+ And Or
(- =) The circuit (— - ) is not closed, or apply The circuit (— - ) is closed. or apply
De Morgan's theorem De Morgan’s thcorem
X(t—p) X has been operated for at least p seconds X has heen open for at least p seconds

If the dependent variable appears in its own defining function (as in a lock-in circuil) strict adherence
to the above leads o confusing sentences. In such cases the following equivalents should be used.
X=RX+S§ X is operated when K is closed
(providing § is closed) and remains so
independent of R until § opens
X=(R" +X)§ X is opened when R is closed
{(providing § is closed) and remains
so independent of R until S opens

In using this rable it is usually best (o write the function under consideration cither as a sum of pure
products or as a product of pure sums. In the case of a sum of products the characleristics should he
defined in terms of nonoperation; for a product of sums in terms of operation. If this is not done it is
difficult to give implicit and explicit parentheses the proper significance.

conditions may be either conditions for operation or for nonoperation. Equations are written
from operating characteristics according to Table I1. To illustrate the use of this table suppose a
relay U is to operate if x is operated and y or z is operated and v or w or : is not operated. The
expression for A will be

U=sx+yz+vw'z

Lock-in relay equations have already been discussed. It does not, of course, matter if the same
conditions are put in the expression more than once — all superfluous material will disappear in
the final simplification.

3. The expressions for the various dependent variables should next be simplified as much as
possible by means of the theorems on manipulation of these quantities. Just how much this can
be done depends somewhat on the ingenuity of the designer.

4. The resulting circuit should now be drawn. Any necessary additions dictated by practical
considerations such as current-carrying ability, sequence of contact operation, elc., should be
made.

V. lllustrative Examples

In this section several problems will be solved with the methods which have been
developed. The examples are intended more to illustrate the use of the calculus in actual
problems and to show the versatility of relay and switching circuits than to describe practical
devices.
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It is possible to perform complex mathematical operations by means of relay circuits.
Numbers may be represented by the positions of relays or stepping switches, and
interconnections between sets of relays can be made to represent various mathematical
operations. In fact, any operation that can be completely described in a finite number of steps
using the words ““if.,”" “*or,”” “‘and,"” etc. (sce Table 11, can be done automatically with relays.
The last example is an illustration of a mathematical operation accomplished with relays.

A Selective Circuit

A relay U is to operate when any one, any three or when all four of the relays w, x, yand ¢
arc operated but not when none or two are operated. The hindrance function for U will
evidently be:

U=wxyz+wx'vz+wxy'z + winyz’ + we'y 2+ wa'yz" 4+ wxy'z’
Reducing to the simplest scries-parallel form:

U=wlv(yz +y2) + 870 2+ y2")] + w/[x(y z + y2°) + x"yz] .
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Figure 30. Series-paralle]l realization of
selective circuit

This circuit is shown in Figure 30. It requires 20 clements. However, using the symmetric-
function method, we may write for L/:

U=8134wayz) .
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Figure 31. Selective circuit from symmetric-
function method
This circuit (Figure 31) contains only 15 elements. A still further reduction may be made with
the following device. First write
U’ = SO_Z(\‘U..\'.}'.E} 5
+—-£ u—oéc o—dg: ] i
w x y z

Figure 32. Megative of selective circuit from
symmetric-function method
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This has the circuit of Figure 32. What is required is the negative of this function. This is a

planar network and we may apply the theorem on the dual of a network, thus obtaining the
circuit shown in Figure 33. This contains 14 elements and is probably the most economical

circuit of any sort.
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Figure 33. Dual of figure 32

Design of an Electric Combination Lock

An electric lock is to be constructed with the following characteristics. There are to be five
pushbutton switches available on the front of the lock. These will be labeled a, b, ¢, d, ¢. To
operate the lock the buttons must be pressed in the following order: ¢, b, a and ¢
simultaneously, d. When operated in this sequence the lock is to unlock, but if any button is
pressed incorrectly an alarm U is to operate. To relock the system a switch g must be operated.
To release the alarm once it has started a switch & must be operated. This being a sequential
system either a stepping switch or additional sequential relays are required. Using sequential
relays let them be denoted by w, x, y and = corresponding respectively to the correct sequence
of operating the push buttons. An additional time-delay relay is also required due to the third
step in the operation. Obviously, even in correct operation a and ¢ cannot be pressed at exactly
the same time, but if only one is pressed and held down the alarm should operate. Therefore
assume an auxiliary time delay relay v which will operate if either @ or ¢ alone is pressed at the
end of step 2 and held down longer than time s, the delay of the relay,

¥ U,
h' u
== ‘o GO0
y bo
ST v
e 1
5 2 o] _ov:_"g: :::
"x" '_'Idb_q
) |y OO O
e —— o
W pbe— %
. t o 00
o ' o a P | Y
. —1090__1 700
0 Ol
J-——ou'o——-og'u-—{ ! d
z,__l

Z AND 2' MAKE BEFORE BREAK U AND U' MAKE BEFORE BREAK

Figure 34. Combination-lock circult



494 C. E. Shannon

When : has operated the lock unlocks and at this point let all the other relays drop out of the
circuit. The equations of the system may be written down immediately:

w=ew+z +U",

x=bx+w+z +U",

y=(a+c)y+x+z"+U",

z=z(d+y)+ g + U,

v=x+4ac+a'c"+2"+U",

U=ew' +abd)(w+x" +ad)[x+y +adv(t —s)|ly+bvit—s)U+h' +: .
These expressions can be simplified considerably, first by combining the second and third

factors in the first term of U, and then by factoring out the common terms of the several
functions. The final simplified form is as below: This corresponds to the circuit of Figure 34.

U = h' + elad(b +w’) + x'] -
(x+y" +dv)(y +vb)U
nw = W
x=2" + hx + w
y = U’ + (@a+c)y
X+
Vo= ror
ac + a’'c

=g+ (y+d)z+ U’

Electric Adder to the Base Two

A circuit is to be designed that will automatically add two numbers, using only relays and
switches. Although any numbering base could be used the circuit is greatly simplified by using
the scale of two. Each digit is thus either{U or 1; the number whose digits in order are

Ay, ay_y, @4 3,...a3, ay, aq has the value ¥ a;2/.
j=0

Let the two numbers which are to be added be represented by a series of swilches:
ap,ay_y,...ay, ag representing the various digits of one of the numbers and
bry by yy...by, by the digits of the other number. The sum will be represented by the
positions of a set of relays s;,,, 5, $¢_,-..5;, 5. A number which is carried to the jth
column from the (/- 1)th column will be represented by a relay ;. If the value of any digit is
zero, the corresponding relay or switch will be taken to be in the position of zero hindrance; if
one, in the position where the hindrance is one. The actual addition is shown below:
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Crel €k Cja1€; €20 Carried numbers
Q=8 dj-—Usd1dyg First number
b;‘. bj+] b}.- blbl bﬂ Second number

Chol  Sp—8;418j===52,8 8¢ Sum
or

T4

Starting from the right, s is one if @, is one and b is zero or if ay is zero and b one but not
otherwise. Hence

5o = agbp + agby = ag ® by .
¢, is one if both a, and b are one but not otherwise:
c, = agby.
s;isoneif justone of u;, b, ¢; is one, or if all three are one:
s =8 5(a;, by, j=1,2,..k.
¢;. is one if two or if three of these variables are one:
Cipy = Sazla;. bjoe;), j=1,2,. k.

Using the method of symmetric functions, and shifting down for s; gives the circuits of
Figure 35. Eliminating superfluous elements we arrive at Figure 36.
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Figure 35. Circuits for electric adder Figure 36, Simplification of figure 35
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